Explicit expressions for the permittivity and inverse permeability tensor for gyrotropic materials are derived for the finite integration technique (FIT) in frequency domain. In contrast to the standard FIT, the material matrices exhibit nondiagonal elements. The obtained expressions are fully consistent with the standard FIT when applied to nongyrotropic materials. Furthermore, the manifestly Hermitian matrix structure in the lossless case enables numerically stable simulations. Since the gyrotropic characteristics notably depend on the bias magnetic field and on the frequency of the superimposed field, a dedicated solver to determine the field distributions in practical applications has been developed. In particular, emphasis has been put on the implementation to enable efficient computing. Finally, the extended formulation is applied to the computation of eigenmodes of biased cavity resonators of cylindrical and rectangular shape, which are filled with material exhibiting both gyromagnetic and gyroelectric characteristics. For the latter resonator, material losses are included. The validity of numerically obtained results is confirmed by comparison with semianalytical calculations.
I. INTRODUCTION

G
YROTROPIC materials prove to be of advantage for the application in devices, such as gyrators and accelerating cavities, due to the nonlinear dependence of their anisotropic material characteristics on a variety of parameters, in particular, of external bias electromagnetic fields and the frequency of the superimposed field. These properties are, for instance, employed in ferrite-loaded cavities for the acceleration of heavy ions in synchrotrons [1] . During the acceleration phase the resonance frequency has to be adjusted to the revolution frequency of the ions to reflect their increasing speed. This can be achieved by properly choosing a bias current and thereby modifying the (reversible) permeability of the ferrites. However, at the same time the mentioned material characteristics introduce complications into the numerical analysis. Whereas gyrotropic materials were thoroughly treated in the finite-difference time-domain method [2] , [3] as well as in the finite integration technique (FIT) in time domain [4] , [5] , the problem of their simulation in frequency domain in the FIT was picked up in [6] . Previous work in this field using the finite element method is restricted to frequency independent, lossless gyromagnetic materials biased in a homogeneous external magnetic field [7] . In this paper, the extension of the FIT to gyrotropic materials in frequency domain and its application to the computation of eigenmodes of biased cavity resonators are discussed. A dedicated solver has been developed for this purpose, which enables the simulation of biased, lossy and frequency-dependent materials with both gyromagnetic and gyroelectric properties. This paper is structured as follows: after briefly reviewing the definitions of the material matrices in standard FIT, the modifications due to gyrotropic Manuscript received February 11, 2014 ; accepted June 27, 2014. Date of publication July 15, 2014 ; date of current version January 26, 2015. Corresponding author: K. Klopfer (e-mail: klopfer@temf.tu-darmstadt.de).
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Digital Object Identifier 10.1109/TMAG.2014.2338275 materials are derived, followed by aspects relevant for its efficient implementation. Finally, for verification the numerically computed eigenmodes are compared with semianalytically obtained reference solutions for the examples of biased cylindrical and rectangular resonators.
II. MATERIAL MATRICES IN STANDARD FIT
Throughout this paper, the FIT based on an orthogonal primary-dual grid pair in 3-D Cartesian coordinates for a hexahedral staircase filling is considered. The material parameters are assumed to be constant within primary mesh cells. In the following, the index n specifies the (global) cell number, which is in the range 1 ≤ n ≤ N cells . Moreover, for vector fields the subscript x, y, or z is added to indicate the associated direction. The degrees of freedom are allocated as follows: the electric voltages defined by
are associated with the primary edges L a (n). The electric fluxes
are allocated at the dual facets A a (n). Moreover, the magnetic fluxes given by
are found at the primary facets A a (n), whereas the magnetic voltages
0018-9464 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. are associated with the dual edges L a (n). The specified quantities are related to each other through the inverse permeability matrix M ν and the permittivity matrix M ε by the discrete constitutive relations
Here, the individual degrees of freedom are gathered in vectors. Since the material matrices relate quantities from the primary grid to the dual grid, averaging of the inverse permeability ν := μ −1 along dual edges ( Fig. 1 )
and of the permittivity within dual facets ( Fig. 2 )
is required. The additional superscript (i ) in the symbols L a refers to that partial length or area of this dual edge or facet, respectively, which is located in the primary cell i . For (possibly anisotropic) nontensorial constitutive relations, the material matrices are then defined as
where two index pairs indicate the direction and cell indices of the row and the column of the matrix. As these definitions show, the material matrices are diagonal in the standard FIT.
III. EXTENSION TO GYROTROPIC MATERIALS IN FREQUENCY DOMAIN
In the following section, the above expressions for the material matrices are extended to gyrotropic materials that are characterized by nondiagonal permittivity or permeability tensors.
A. Gyromagnetic Materials
The magnetic properties of gyromagnetic materials can be characterized in full generality by a tensor of the form
with complex and frequency-dependent matrix elements. Their exact form is not of importance for the remainder of this section. The additional subscript i will refer to the local cell index later on. With the aim of deriving an explicit expression for the nondiagonal inverse permeability tensor in the FIT formulation, the magnetic voltage h x (n) along the dual edge L x (n) is considered (Fig. 1 ). This dual edge is partially located in the two primary cells given by the nodes P(n − x ) and P(n), where x is the difference of the cell index when proceeding one cell in direction x. Inside each of these cells, the permeability is assumed to be given by tensors of the form (10) . Applying this to the definition of the magnetic voltage (4) yields
where the integrals are approximated with an average value of the integrand in one of the two cells times the length of the integration interval. Moreover, the definition of the averaged inverse permeability (6) has been employed for the x-component. In the next step, the components of the magnetic inductance occurring in the last term of (11) have to be expressed in terms of magnetic fluxes b. As for isotropic materials, from (3) the x-component can be well approximated by
For the y-and z-components, the situation is less obvious since these components are not available on the dual edge L x (n). As suggested by [8] - [10] , the computationally most efficient way is to perform spatial interpolations of the two field components for the y-and z-direction available in each of the two primary cells. Since the dual edge L x (n) is allocated in the middle of the facet A x (n), the interpolation effectively reduces to the calculation of the arithmetic mean
Combining (11)- (13), performing analogous derivations for the h y (n)-and h z (n)-components and considering the relations (14) the desired expressions which implicitly define the material matrix of the inverse permeability are obtained. In compact notation it takes the form (
It is assumed implicitly that entries which are zero due to boundary conditions or because they are associated with degrees of freedom located outside the computation domain are omitted. Note that there are two possibilities of choosing b = a, that is to say for direction b being different from direction a. Thus, the inverse permeability tensor has nine nonzero entries in each row for indices associated with dual edges allocated completely inside gyromagnetic material. It is worth emphasizing that the matrix M↔ ν is manifestly Hermitian, which follows directly from definition (15) and
, provided that losses are absent, and hence, the physical local permeability tensor (10) is Hermitian. Expression (15) holds also for dual edges located at material boundaries and regions with isotropic material, for which off-diagonal terms of the inverse physical permeability tensor ν ab vanish. For the latter case, definition (15) then reduces to a diagonal form as in the standard FIT (8) . It should be noted that the averaging of the field components in the off-diagonal elements is not performed correctly at the border of the computation domain and for cells located next to perfect electric conductor cells. Nevertheless, it should be refrained from adopting the averaging factors for such off-diagonal elements in order not to spoil the Hermitian structure of the material matrix [10] .
B. Gyroelectric Materials
For the derivation of the explicit form of the permittivity material tensor in the FIT for gyroelectric materials, the electric flux on the dual facet A x (n) is considered. This facet is partially located in the four primary cells with node indices P(n), P(n − y ), P(n − z ), and P(n − y − z ) (Fig. 2) . In the most general case, the dielectric properties inside each of these four cells can be described by a complexvalued and frequency-dependent permittivity tensor of the form
where the index i refers to one of the four cells. From the definition of the electric flux (2) one then obtains
Above integrands are approximated with the average value of the field component in this area times the integration area, which is located partially inside one of the four cells. Moreover, the definition of the area-averaged permittivity (7) is inserted for the x-component. The remaining task is then to substitute the occurring components of the electric field with electric voltages e . Analogous to the derivation for isotropic materials, as suggested by definition (1), E x is replaced with
However, the y-and z-component of the electric field are not immediately available on A x (n) and have to be approximated by spatial interpolation. Following again the minimal principle of [8] - [10] , these components are calculated by taking the arithmetic mean from the two primary edges closest to the partial dual areas, that is to say
After combining (17)-(19d) and repeating the same procedure for the electric fluxes d y (n) and d z (n), the explicit form of the permittivity tensor in the FIT is obtained as 
IV. EFFICIENT IMPLEMENTATION
The extended FIT is applied to the computation of eigenmodes of magnetized ferrites and plasmas in this paper. Discretization of the computation domain leads to the eigenvalue problem
where C and C are the discrete curl operators of the dual and primary grid, respectively. Typically, the material characteristics strongly depend on the presence of a static bias magnetic field, which is, in general, nonhomogeneous for the simulation of realistic devices, such as biased ferrite cavities. It will be assumed that the strength of the bias field is large compared to the amplitude of the superimposed radio frequency, which is usually satisfied. Moreover, the incorporation of gyrotropic material leads to frequency-dependent material matrices and consequently to nonlinear eigenvalue problems. In addition, if material losses are considered, the solver must be capable of handling complex eigenvalues. Hence, to meet all these requirements a dedicated solver for parallel computation based on the Portable, Extensible Toolkit for Scientific Computation (PETSc) suite [11] has been implemented. It includes two main subcomponents: first, a magnetostatic solver supporting nonlinear material for the computation of the magnetic bias field. This enables us to define a working point, at which the material tensors are evaluated. Second, a Jacobi-Davidson (JD) type solver [12] for non-Hermitian matrices for the iterative solution of the nonlinear complex eigenvalue problem. Since a simple iterative substitution scheme is used for the nonlinear eigenproblem, it is required to select the currently desired eigenmode out of all computed ones after each solution of a linear problem. As the employed algorithm initially computes the partial Schur form, it is worthwhile not only to compare the eigenvalues but also to calculate the inner products of current Schur vectors with already converged ones. This way the solver is also capable of distinguishing different modes of degenerated eigenvalues. Hence, it is ensured that all different eigenvectors associated with the same eigenvalue are found even for the nonlinear problem.
Since the inverse permittivity matrix enters in the system matrix of the curl-curl system (21) but only its noninverse expression is available directly, an LU decomposition of M↔ is performed. This leads to the unfortunate, but for robustness sake still acceptable, much larger computational effort as for materials with only gyromagnetic properties. Using directly a material matrix for the inverse permittivity instead might seem to be a computationally cheap alternative. However, it is found that a simple construction of the inverse permittivity matrix analogous to definition (15) but with the components of the permittivity tensor replaced with its corresponding components of the inverse tensor, which is one of the schemes presented in [13] for the finite-difference time-domain method, does not lead to the correct eigenvalues in the limit of fine discretizations. Given that the continuity conditions of the electric field cannot immediately be fulfilled in the FIT using that definition, the discrepancy is, however, not surprising. An alternative approach could also be the formulation as a generalized eigenvalue problem, whose solution would require a modified algorithm. Yet, since materials in real applications exhibit only either gyromagnetic or gyroelectric characteristics, the problem can be circumvented also for purely gyroelectric materials. To this end, the allocation of the electric and magnetic degrees of freedom in the FIT (Section II) can be swapped. Then it is possible to construct a material matrix directly for the inverse permittivity in an analogous manner as for the inverse permeability for the standard allocation (8) .
The convergence of the JD solver strongly depends on the quality of the applied preconditioner for the JD correction equation. Hence, as long as sufficient main memory is available, it is recommendable to compute the LU decomposition of the system matrix at the first time the correction equation is to be solved. Though keeping then the same decomposition for all subsequent steps, satisfactory convergence is still observed if only a few eigenvalues are requested. Notwithstanding, alternatively also Jacobi preconditioning, which is very moderate in terms of memory requirements, leads to convergence of the JD algorithm even for nondiagonal gyrotropic material matrices. Moreover, for gyroelectric materials with the permittivity tensor of definition (9), the preconditioner can be obtained in a more efficient way by taking advantage of the relation
as M↔ , which is already available explicitly, has much less nonzero elements than the LU decomposition for its inverse expression on the left hand side. Further enormous performance enhancements for the nonlinear eigensolver are achieved by reusing as much information as possible from preceding steps. Thus, previously computed eigenvectors are set as start vectors for the JD algorithm in subsequent nonlinear iterations, which is the key for an efficient treatment of the nonlinear eigenvalue problem with the simple iterative substitution approach. Moreover, to carry out convergence studies with refined meshes more efficiently, eigenvectors calculated on a rather coarse grid are interpolated on the next finer mesh in convergence studies by divergence conserving linear edge-interpolation [14] . This procedure is thus analog to the one of geometric multigrid methods [14] . By setting those interpolated vectors as start vectors for the JD algorithm on the finer mesh, the computation time is reduced in practice by roughly 10%-40%, which of course depends largely on the difference of the two grids.
V. EXAMPLES
For verification the lowest eigenmodes of two biased resonator cavities, one of cylindrical and one of rectangular shape, filled with a material that exhibits both gyromagnetic and gyroelectric properties are computed with the solver introduced in the previous section and compared to semianalytical reference solutions.
A. Cylinder Resonator
First, a cylindrical resonator (radius r = 1 m, length l = 2 m) longitudinally biased by a homogeneous static magnetic field of strength H 0 = 2750 A/m is considered. It is completely filled with a material whose gyromagnetic properties are assumed to be described by the Polder tensor [15] 
with
In this example, the saturation magnetization is chosen as M sat = 20 ·10 3 A/m with a vanishing loss-factor α. Moreover, the Landé g-factor occurring in the gyromagnetic ratio
with the positive elementary charge e and the electron mass m e is set to g = 2.1. It is further assumed that the same material also exhibits gyroelectric behavior of the typical form [16] 
Herein, the (angular) plasma frequency is chosen as ω p = 2π · 15 MHz, whereas the (angular) cyclotron frequency ω b = B 0 e/m e is set to 425 MHz. Again, no losses are included at first, which means that the collision frequency v c vanishes. With these parameters the ten lowest eigenmodes are computed numerically with the new implementation of the nonlinear eigensolver described before.
For verification, these eigensolutions are also calculated semianalytically as briefly outlined in the following. The basic theory is due to Kales [17] , who formulated an analytical characteristic equation for cylindrical waveguides filled with media which is gyromagnetic only. This procedure was then modified for the case of cylinder resonators by [7] . Moreover, Van Trier [18] generalized Kales' theory to waveguides containing material with both gyromagnetic and gyroelectric properties. His results are the basis for the calculation of the eigenmodes for the setup described above. Following the notation of [7] , we denote modes which become TE (TM) modes in the limit of vanishing κ and 2 as HE (EH) modes. The eigenfrequencies of HE and EH modes are the roots of the characteristic equation given in [18, p. 337] , which can be calculated by standard numerical algorithms. Furthermore, the ones of the TM modes are implicitly determined by
where x n,m represents the mth zero of the Bessel function of order n. The obtained values of the ten lowest eigenmodes are listed in Table I . Furthermore, to ensure a reliable verification of the eigenmodes, the field distributions have been investigated additionally. Fig. 3 shows the convergence of the numerically computed eigenvalues toward the semianalytical ones with order 1 as is expected for the approximation of rounded geometries with a staircase filling. The fifth eigenmode still seems to be in a range below asymptotic convergence and features an unexpected small relative deviation already on a rather coarse mesh.
B. Rectangular Resonator
The second considered resonator is of rectangular shape with dimensions l x = 3.142 m, l y = 2.718 m, and l z = 0.100 m in x-, y-, and z-direction, respectively. The homogeneous bias magnetic field oriented in z-direction has a strength of H 0 = 2750 A/m. Moreover, the resonator is filled with a material with the same properties as for the cylinder (Section V-A) apart from the point that now also material losses are included by setting α = 0.2 and v c = 10 MHz. The geometric dimensions are chosen such that there are only TM modes among the lowest eigenmodes. Their resonance frequencies are identical to the ones of a waveguide with cross section l x × l y and can be computed semianalytically according to the implicit equation
with the (angular) wavenumbers
The ten lowest complex eigenfrequencies as obtained from (29) are given in Table II . As can be observed from Fig. 4 , second order convergence of the numerically computed eigenvalues toward the reference values is evident. Both the real part and the imaginary part converge independently with the same convergence order. With the aim of testing also TE modes, the computations are repeated for the same geometry and material but with magnetic boundary conditions (H tangential = 0 on the boundary) instead of electric ones (E tangential = 0 on the boundary). For this Fig. 4 . Relative deviation ||ω| − |ω analy ||/|ω analy | of the absolute value of the numerically obtained eigenfrequency |ω| to the (semi)analytical reference value |ω analy | as a function of the normalized step size / 0 for the 10 lowest TM-modes for a biased, lossy, and rectangular cavity resonator filled with both gyromagnetic and gyroelectric material with electric boundary conditions. boundary value problem the eigenfrequencies are implicitly given by
The ten lowest modes can also be found in Table II . A comparison with numerically computed modes reveals again second order convergence and thus indicates agreement with the semianalytical solution.
VI. CONCLUSION
The description of gyrotropic materials in the FIT leads to nondiagonal material matrices. In this paper, the explicit form of both the inverse permeability matrix for gyromagnetic materials and of the permittivity matrix for gyroelectric materials are derived in frequency domain. The obtained expressions are consistent with the familiar diagonal matrices for isotropic materials. Moreover, they are manifestly Hermitian in the lossless case. To cope with the dependence of the gyrotropic parameters on the bias magnetic field and on the frequency of the superimposed field, a dedicated solver has been developed for the efficient computation of complex eigenmodes of resonators with gyrotropic materials. As an example, the lowest eigenmodes of a cylindrical as well as rectangular longitudinally biased cavity filled with a material with both gyromagnetic and gyroelectric properties are computed. A comparison with semianalytical calculations confirms the validity of the results.
